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Abstract 



We consider a dichotomy for analytic families of trees stating that ei- 
ther there is a colouring of the nodes for which all but finitely many levels 
of every tree are nonhomogeneous, or else the family contains an uncount- 
able antichain. This dichotomy implies that every nontrivial Souslin poset 
^^ ' satisfying the countable chain condition adds a splitting real. 

We then reduce the dichotomy to a conjecture of Sperner Theory. This 
conjecture is concerning the asymptotic behaviour of the product of the 
sizes of the m-shades of pairs of cross- 1- intersecting families. 



1 Introduction 



C*~) ■ The results in this paper are directed at the general question of just how fun- 



damental the Cohen and random forcing notions are. More specifically we are 
interested in the following question from |She94| . 



Question 1 (Shelah). Does {Cohen, random} form a basis for the collection of 
all nontrivial Souslin ccc posets? 

What came as a surprise, was a deep connection between this fundamental 
question in the theory of set theoretic forcing and extremal combinatorics. 

Recall that a poset is Souslin if it can be represented a pair (P, <) where 

PC 1 is analytic, and the partial ordering < and the incompatibility relation 

are both analytic subsets of R x R. Clearly the Cohen and random posets are 

5^ ■ both Souslin. By nontrivial we mean that the poset adds a new generic object 

to the ground model; in other words, the poset has a condition with no atoms 
below it. A basis for a class C of posets, is a subclass B C C such that every 
member Q of C has a member P in B which embeds into it, i.e. there is a map 
e : P — ► Q*, where Q* is the completion of Q (i.e. the complete Boolean algebra 
of regular open subsets of Q), such that p < q — + e(j>) < e(q) and e preserves 
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maximal antichains; equivalently, adding a generic object for Q adds a generic 

for P. 

The easier half of this question has been answered in jShe94j : 

Theorem 1 (Shclah, 1994). Every Souslin ccc poset which adds an unbounded 
real also adds a Cohen real. 

Thus the Cohen poset embeds into every Souslin ccc poset which is not 
weakly distributive, and thus it remains (for a positive answer) to show that 
every nontrivial weakly distributive Souslin poset with the ccc adds a random 
real. However, the remaining part of Question [T] seems to be considerably more 
difficult. Indeed, many consider it a dubious conjecture that the collection 
{Cohen, random} does in fact form a basis. Velickovic has suggested some test 
questions for this conjecture, including the following one from [Vcl02j. 

Question 2 (Velickovic) . Does every nontrivial Souslin ccc poset add a splitting 
real! 

Recall that a real s C N is splitting over some model M, if both s and its 
complement intersect every infinite £CNin M, i.e. sfl E ^ and s PI E ^ 0. 
Hence adding a splitting real means adding a splitting real over the ground 
model. This is a good test question because Cohen and random reals are both 
also splitting reals. One can see this by noting that {x C N : x C y} and 
{iCff: xDy = 0} are both null (for the Haar measure on V(N) = {0, 1} N ) and 
meager for every infinite i/CN. But this fact also follows immediately from the 
more general corollary [6] below. 

We shall formulate a general dichotomy of descriptive set theory for analytic 
families of trees (dichotomy QJ, which has a positive answer to question [2] as 
a straightforward consequence. Whether or not this dichotomy is true remains 
unsolved. The main result of this paper, however, is the surprising discovery of a 
deep connection between this dichotomy and Sperner Theory. In particular, the 
famous Erdos-Ko-Rado Theorem (cf. [EKR6L, but actually proved in 1938) 
on the maximum size of t- intersecting families is relevant. More specifically, in 
the paper |Hir08a| . we arrived at a conjecture on the asymptotic behaviour of 
the maximum of the product of the size of the m-shades of a pair of cross-i- 
intersecting families. The main result of this paper is a substantial reduction of 
the dichotomy to this reasonable conjecture of extremal combinatorics \j 

There have been some relevant developments since the original version of this 
paper was written. First of all, question [2] was solved by Velickovic in |Vel05j . 
where he moreover proved the following result: 

Theorem 2 (Velickovic, 2003). (*) c implies that every nontrivial weakly dis- 
tributive ccc poset adds a splitting real. 



1 A previous version of this paper ( Hir08b~) made a stronger combinatorial conjecture, 
and established the dichotomy as a consequence. However, that conjecture was disproved 
in |Hir08a| . 



(*) c is the standard P-ideal dichotomy on sets of size continuum (see e.g. 
jTodOOj ). 

However, Velickovic's theorem does not seem to say much on whether our 
dichotomy is true. In fact, even if Shelah's question has a positive answer, it 
still does not seem to entail our dichotomy. On the other hand, our approach 
of extracting a statement of descriptive set theory is the approach used by 
Shelah in proving theorem [2 this has advantages because the descriptive set 
theoretic statement gives an actual description of the splitting real (specifically, 
in equation (g]) below) as opposed to merely asserting its existence, and the 
descriptive set theory is of interest in its own right (e.g. the descriptive set 
theory extracted from the proof of theorem Q] is developed further in |Kam98j 
and [Vel02) 1. 

The other developments have been on the measure theory front. In BJP05J 
an old problem of von Neumann was settled. From this one could deduce that 
a positive answer to the famous Maharam's Conjecture of abstract measure 
theory would imply a positive answer to Shelah's question (question [1} . The 
most astounding development however was Talagrand's recent negative solution 
to Maharam's Conjecture |Tal06j . While Maharam's Conjecture was considered 
by some to be the most significant problem in abstract measure theory, Shelah's 
question is now the natural place to look for even more challenging measure 
theoretic problems in a similar vein. 

2 A dichotomy for analytic families of trees 

We write N = {0, 1, . . . } for the nonnegative integers. For a parameter / e N N 
we let T(/) denote the family of all subtrees of the tree 

oo n— 1 

a) f^un^-'/w- 1 ) 

n=0 i=0 

of all functions t with domain {0, . . . , n — 1} for some n e N, with t(i) < f(i) 
for all i < n, ordered by inclusion. To avoid trivialities we assume that / > 2, 
i.e. 

(2) f(n) > 2 for all n. 

Its topology is of course obtained by identifying T(/) with the product {0, 1}^ . 
Note that 2 <N is the binary tree and is more usually denoted by {0,1} <N . 
Indeed, this is the primary case and one will not lose much by taking / = 2 
throughout. 

A branch through a tree T refers to an infinite downwards closed chain of T. 
Recall that by Konig's classical tree lemma, every infinite T £ T(/) has an 
infinite branch. We say that T is infinitely branching if T has infinitely many 
branches. More familiar to set theorists are perfect trees T where every node 
has an extension to a splitting node (i.e. a node with at least two immediate 
successors); thus perfect trees are in particular infinitely branching. 



For a tree T £ T(/), we write T(n) C n^i . ■■•■> / (*) " X ) for the n * h 
level of T, which consists of sequences of length n, and with T(0) the singleton 
consisting of the empty sequence whenever T ^ 0. And we write T \ n for the 
subtree consisting of the first n levels T(0), . . . , T(n — 1) of T. For e = 0, 1, a 
subset A C / <N is called e-homogeneous for some colouring c : / <N — > {0, 1}, if 
c(s) = e for all s £ A. We say that A is homogeneous for c if c is constant on A, 
i.e. iff A is either 0-homogeneous or 1-homogeneous for c; A is nonhomogeneous 
for c if it is not homogeneous. 

For a family of trees A C T(/) and some tree T g T(/), we denote .At = 
{S £A:SCT}. 

Note 1. It is important to note that we use the set theoretic terminology for 
antichains of a poset. I.e. if (P, <) is a poset, then A C P is an antichain iff a 
is incompatible with 6, written a _L 6, for all a ^ b in A, where a _L b means that 
there is no p £ P satisfying both p < a and p < b. 

We emphasize this because in extremal combinatorics (e.g. |And02| ) an an- 
tichain refers instead to the weaker concept of a pairwise incomparable subset. 
These are also called Sperner families, and we shall use the latter terminology. 

Dichotomy 1. Every analytic family A of infinitely branching subtrees o// <N 
satisfies at least one of the following: 

(a) There exists a colouring c : f — * {0, 1} and a T £ A such that S(n) is 
homogeneous for c for at most finitely many n £ N, for every S £ At ■ 

(b) The poset (A, C) has an uncountable antichain. 

Remark 2. In a previous version ([Hir08b]) we had a stronger dichotomy where 
there was no restriction to T in the first alternative fjaj). i.e. c is nonhomogeneous 
for every T £ A. We think that the latter stronger dichotomy is entailed by the 
former; however, we wish to avoid the additional complications here. 

Remark 3. We have not yet considered what happens when we remove the re- 
striction that the subtrees be infinitely branching. It is obvious that dichotomy!]] 
is false if we allow subtrees with only one branch, and we conjecture that it is 
still false even if we do not allow this triviality. 

Let us see how this yields a splitting real. 

Lemma 4. Dichotomy [1] implies that every nontrivial Souslin poset with the 
ccc adds a splitting real. 

Proof. Let V be a nontrivial Souslin poset with the ccc. It is known that V 
must add a new real; this is proved in |She94j . and also follows from the fact 
that this statement is absolute, since one can construct a Souslin tree from any 
nontrivial poset with the ccc which does not add a real (see |She01j ). Thus we 
can find a "P-name r for a new real in {0, 1} N . For each p £ V, we let T p £ T(2) 
be the tree of possibilities for r which is defined by 

(3) T p = {t £ {0, 1} <N : q \\- i C r for some q < p). 



The family A = {T p : p e V} is an analytic subset of {0, 1} <N , because V is 
Souslin and since the ccc property allows for maximal antichains to be described 
as reals (see |She94j . or |Kam98] V Since r names a new real, each T p is a perfect 
tree, and thus in particular has infinitely many branches. And since q < p 
implies T q C T p , if T p and T q are incompatible in the poset (A, C), then p and q 
are incompatible in V . Since the second condition (|b| entails the existence of 
an uncountable antichain in (A, C), by the ccc dichotomy [T] (with / = 2) yields 
a colouring c : {0, 1} <N — > {0, 1} as in condition |aj. 
Define a P-name s for a real in 'P(N) by 

(4) n e s iff c(r \ n) = 1. 

Then s names a splitting real, because for every p € V and every infinite E C N, 
we can find an n £ E such that T p (n) is nonhomogeneous for c, and thus there 
are to and t\ in T p (n) such that 

(5) c(t ) =0 and c(*i) = 1. 

And there are qo,qi < p forcing that f \ n = to and f |" n = ii, respectively. 
Thus g lh (N \ s) n J5 ^ and g x ||- s n .B ^ 0. D 

2.1 Generic splitting reals 

Every / £ N N (/ > 2) determines a space of reals 

(6) R(/)=n{°'----/( n )- 1 }- 

Note that for T € T(/), [T] C R(/) is a closed subset in the product topology, 
where [T] is the set of all reals corresponding to a branch through T (i.e. x \ n € 
T for all n). By a perfect subset of a topological space, we mean a nonempty 
closed set with no isolated points. Thus [T] is perfect whenever T is a perfect 
tree. 

The natural measure on R(/) is the Haar probability measure pf determined 
by the group operation on R(/) of coordinatewise addition modulo f(n). Notice 
that 

(7) Vf([T}) = lim v fT {n) 

where ^/t(0) > ^/t(1) ^ ' " is the sequence 

|T(n)| 



( 8 ) Vfr{n)-~ 1 . 

n l= o /(*) 

Lemma 5. For aZ/ / G N N (/ > 2), there exists a colouring c : / <N — ► {0, 1} 
such that for every T £ T(/) ai Zeas^ one of the following holds. 

(a) There are only finitely many n for which T(n) is homogeneous for c. 



(b) M/(P1)=0. 

Proof. Define a colouring c:/ <N ^{0,l}by 

(9) c(s) = iff s(|s| - 1) < /(|s| "" ' ' 

where [_a;J is the largest integer < x. Observe that if T(n) is homogeneous for 
c (in cither colour) for all n in some finite set F, then setting n — max(F) + 1, 

We say that a subfamily „4 C T(/) separates points if every T £ ^ and 
every x, y G [T] has a U C T in „4 such that at most one of x and y is in [[/]. It 
is clear that if .4 is a nonempty family of subtrees of / <N that separates points, 
then the poset (A, C) forces a generic real in K(/). 

Obviously we are identifying K(2) = {0, 1} N with V(N) in corollaryEl 

Corollary 6. IfAQ T(2) is a nonempty family that separates points which has 
the property that /x([T]) 7^ /or a// T e A, then the generic real of the poset 
(A,Q) is a splitting real. 

Proof. Let c : {0, 1} <N — ► {0, 1} be the colouring from ©. Notice that if r is 
an ,4-name for the generic real then, the real s defined in (01 satisfies 

(10) ne s iff r(n - 1) = 1. 

And by lemma [5] the second paragraph of the proof of lemma H] shows that s 
names a splitting real. It follows that f which is a shift of s is also a splitting 
real. □ 



3 Decay of branching 

The next dichotomy focuses on a lower bound for the size of the levels rather 
than nonhomogeneity. 

Lemma 7. For every analytic A C T(/) consisting of infinitely branching trees, 
at least one of the following holds: 

(a) There is an h G N N with linin^oo h(n) — 00 such that \T(n)\ > h{n) for all 
but finitely many n, for all T G A. 

(b) There is a perfect subset B C A such that T D U has only finitely many 
branches for all T ^ U in B. 

Note that the condition ((b} implies that the poset (A,C) has an antichain 
of size continuum. Lemma [7] is essentially proved in [Shc94j . It also follows 
immediately from the following closely related dichotomy, which is, essentially, 
implicit in She94], and is explicit, with a different proof, in [Ve l02] . The deduc- 
tion of lemma [7] from lemma [8] is spelled out in [Hir08b . Note that [N]°° is the 



family of all infinite subsets of N, and / <* g if f(n) < g(n) for all but finitely 
many n. For an infinite x C N we write e x £ N N for the strictly increasing 
enumeration of x starting with e x (0) = min(x). 

Lemma 8. For every analytic subset X C [N]°° 7 at least one of the following 
holds: 

(a) The family {e x : x £ X} is bounded in (N N , <*). 

(b) There is a perfect subset of X consisting of pairwise almost disjoint sets. 

Let us point out a corollary of lemma [5] which is interesting since, for exam- 
ple, every E2 set is a union of Hi many analytic sets. 

Corollary 9. If X C [N]°° is the union of less than b analytic sets, then either 

(a) the family of enumerating functions of members of X is bounded in (N N , <*), 
or 

(b) there is a perfect almost disjoint subset of X. 

Unfortunately, this dichotomy (lemma|7J) is too weak for our needs. We need 
to bound the decay in branching, that is how much smaller the levels of S(n) 
are than T(n) for S C T in A, but first we must measure it. 

3.1 Measuring the decay 

Let N^ C N N denote the subfamily of functions g such that linin^oo g(n) = 00. 
For a function r : [0, 00) — > [0, 00) on the nonnegative reals, define a function 

p T :N»xN»^[0,(X)]by 

(11) p T ( 5 ,/i)=liminf- k ^ 



+00 t o g(n) 
Then define a relation < T on N^ by 

(12) g < T h if p T (g,h)>0. 

For a family H of such functions, we define a relation <u on N^, by 

(13) g < n h if g < T h for all reH. 
Typically we shall have 

(i) t(x) = 0(x) (i.e. t(x) is bounded by Cx for some C > 0), 
(ii) lim^oo t(x) = 00, 
(iii) r is concave 



for all t E Ti. Condition Q ensures that 

(14) g < h implies g < T h, 

and in particular each < T , and thus <«, is reflexive. Condition §u§ ensures that 
each < T is nontrivial. Concavity gives us 

(15) t(cx) > ct(x) for all c < 1. 

The reason we use a family of functions is to obtain transitivity. A family Ti 
with every r G Ti satisfying JlJ-jm]), that is moreover closed under "taking 
roots", i.e. 

(iv) Vr G Ti 3a G Ti a o a = r, 

is said to be suitable. 

Example 10. The singleton Ti — {id} is suitable. 

Example 11. Ti = {x h- > x a : < a < 1} is suitable since x^" o x^" = x a . 
We could include a = 1, but then <-^ would be the same as <id- 

Lemma 12. Let Ti be suitable. Then <u is a quasi ordering o/N^. 

Proof. Suppose go <u <?i and g\ <u gi- Take r G Ti, and find a G Ti such that 
er o a = r. Choose < eo < 1 so that eop a {ga,gi) < 1 and let < ei < 1 be 
arbitrary. Then there are fco and fci such that gi(n) > eop a (go, gi) • oo go(n) for 
all n > fco and g2{n) > £\pa{g\,g2) ■ o o g\{n) for all n > k\. Hence, using p5|l 
and the fact that a must be nondecreasing, g%{n) > £ip&(gi, g2) ■ o~(£oPcr(go, gi) ■ 
°~°9o(n)) > E p <T (g a ,gi)£ 1 p cr (g 1 ,g2) -to g (n) for all n > max(fc , fci), proving 
that go <r 52- □ 

For a subtree T C / <N with infinitely many branches, clearly hr G N^,, 
were hrin) is the size of the n th level: 

(16) ft T (n) = \T{n)\. 

Proposition 13. Assume Ti. is suitable. If S C T i/ien /is < /i-r, a?irf hence 
hs <n hr- 

Definition 14. Let 7i be a suitable family, and let A C T(/) be a family of 
infinitely branching trees. We say that ^l has locally bounded branching decay 
with respect to Ti if there exists T G A such that Ht <h hs for all S C T in .A. 
We say that ^4 has (globally) bounded branching decay with respect to Ti if the 
preceding statement holds for all T G A. For Ti as in example [TlJ we say that 
A has (locally) [globally] bounded branching decay for x <l . 

Example 15. We consider the case Ti = {id}. Suppose that A C T(/) with 
/ <N £ A If A has globally bounded branching decay with respect to id, then 
by definition, hf<n <h hx for all T G A. Observe however, that 

(17) Pid (h f <N,h T )=»f([T}) for all T G T(/) 



(cf. equation ([7])). Hence the global bounding property is equivalent to every 
member of A having positive measure. 

If A has locally bounded branching decay with respect to id, then there exists 
some T G A such that hx <n h$ for all S C T in A. Observe that pidihr, ■) may 
define a finitely additive measure on At (if T has "uniform" branching), even 
though we may have fifQT]) — 0. Indeed, in this case we can define strictly 
positive finitely additive measure by v(S) = lim n _>y if M ^ or a nonprincipal 
ultrafilter U. We remark, without proof, that it is possible to generalize the 
construction in equation (|9|) to obtain a nonhomogeneous colouring for At- 

Now we consider a family A that has locally bounded branching decay 
for x <1 , witnessed by some T € A. First we notice that this is a weaker 
condition than having locally bounded branching decay for id. 

Let Ti be the family from example If II 

Proposition 16. For all g,h G N^ ; for all r G Ti, Pid(d>h) > implies 
Pr(g,h) =00. 

For reasons related to the central limit theorem (cf. Hir08a]), we are espe- 
cially interested in a = ^ 

Proposition 17. For all g,h G N^, and all < a < I, g <^ h implies that 
lim inf n—,00 / n J a = oo . 

It is easy to construct an analytic, indeed countable, family of trees that 
is not weakly distributive and does not have locally bounded branching decay 
for x <l . For this reason, our Sperner Theoretic analysis does not apply to 
the non-weakly distributive case. An analytic family of trees that is equivalent 
as a forcing notion to Cohen forcing does have a nonhomogeneous colouring. 
However, the existence of nonhomogeneous colourings for arbitrary analytic non- 
weakly distributive ccc families of trees depends on the more difficult problem 
than question [I] of finding a complete characterization of Souslin ccc forcing 
notions, and not just a basis. Thus we restrict our attention to the weakly 
distributive case to obtain the following weakening of dichotomy [TJ 

Dichotomy 2. Every weakly distributive analytic family A of infinitely branch- 
ing subtrees of / <N satisfies at least one of the following: 

(a) There exists a colouring c : f — > {0, 1} and a T G A such that S(n) is 
homogeneous for c for at most finitely many n G N, for every S G At ■ 

(b) The poset (A,Q) has an uncountable antichain. 

Question 3. Does every analytic family A C T(/) of infinitely branching trees, 
that both is weakly distributive and satisfies the ccc, have locally bounded branch- 
ing decay for x <l l 

We shall prove (theorem [4j that a positive answer to question [3] together 
with our Sperner Theoretic conjecture (conjecture [2]) establishes dichotomy [2l 



Let us point out that the Sperner Theory is making a substantial contri- 
bution towards the dichotomy. This is because if we ask instead for "locally 
bounded branching decay for id" in question [3J the answer is most likely neg- 
ative. Indeed, in view of example [EH we expect that Talagrand's construction 
( |Tal06j ) of a counterexample to the Control Measure problem provides a coun- 
terexample to this question. 

4 The coideals 

For a subset 4CN and k £ N we let 

(18) A-k = A\{0,...,k}, 

with A — (— 1) = A. Please note that this disagrees with many authors' usage! 
For a function F with domain N denote 

oo 

(19) N(F)=Un f (4 

i.e. the collection of all pairs (n,x) with x £ F(n). And for a subset S C N(F) 
and k £N, denote 

(20) S-k = {(n,x) £ S:n> k}. 

Throughout this article we assume that F is a sequence of nonempty finite sets, 
and thus N(F) is countably infinite. 

We recall that a set A C N diagonalizes a sequence (Ak '■ k € N) of subsets 
of N if A — k C Ak for all k G A. And a coideal Ti on N is selective if every 
descending sequence Aq D A\ D Ai ~D ■ ■ ■ of members of TL has a diagonalization 
in Ti. We next generalize the definition of selective to coideals on N(F). 

Definition 18. B C N(F) diagonalizes a sequence (Bk : k € N) of subsets 
of N(F) if B — k C S fe whenever fe g dom(B). The definition of a selective 
coideal on N(F) is the same as for N but with this notion of diagonalization. 

We suppose now that U is a nonprincipal selective ultrafilter on N, and that 
g £ N n with g(n) nonzero for all n is a given parameter. For a subset A C N(F), 
write A(n) = {a; : (n, x) £ A}. Define W = H(U, F, g) by 

(21) H=(iCN(F): lim |A(n)l 



+w #(«■) 

Proposition 19. Tf linin—xx, rfferr = then Ti is a nonempty selective coideal. 

Proof. The assumptions that the limit is zero and that U is nonprincipal ensure 
that N(F) £ H. Obviously H is a coideal. 



10 



Suppose that (Ak : k <G N) is a descending sequence of members of H. Then 
there is a descending sequence (Uk ■ k € N) of members of U such that 

(22) J^^l > k for all n G U k , 

9{n) 

for all fceN. And then there is a U G W with [/ - fc C [/ fe for all k e U. Now if 
we dchne 

(23) B= |j({n}x f) A fc (rA 

n£E/\ k:n£U k ) 

then B £ Tt because (A& : fc G N) is descending. And for all fc, if fc G dom(B) 
then fc G U and thus B - k <Z \J neUk ({n} x B(n)) C A fc . □ 

5 The forcing notion 

Define 

(24) ¥(F) = {a C N(F) : a is a finite partial function}, 

and for a G F(F), denote a = max(dom(a)) with = — 1. For a subset S C N(F) 
and a G F(F), we let 

(25) S-a = S-a. 

Suppose that H is a nonempty selective coidcal on N(F). Let Q = Q(H) be the 
poset of all pairs (a, A) where a G F(F) and A GTi, ordered by (6, B) < (a, A) if 
a C 6 (i.e. 6 end-extends a), 6\a C ^4 and B C A. An extension (6, _B) < (a, A) 
is called a pure extension of (a, A) if 6 = a. For convenience, we also insist that 
A — a = A, i.e. a < min(dom(A)). 

Forcing with Q introduces a generic partial function c on N with c(n) G F(n), 
by defining 

(26) c= |J a 

(a,A)£S 

where tj is a Q-name for the generic filter of Q. We also write 

(27) D = dom(c). 

Lemma 20. For every sentence ip in the forcing language of Q, every condition 
in Q has a pure extension deciding whether or not ip is true. 

Proof. Fix (a, A) G Q and a sentence <p. For all 6 G ¥(F) and B E H, we will 
say that -B accepts b if (b, B — b) \\- cp, B rejects b if there is no C C _B in 7Y 
which accepts &, and B decides b if it either accepts or rejects 6. The following 
facts are immediate from the definitions. 
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(28) For all b E ¥{F) and BeH there isaCCBinW deciding b. 

(29) If B accepts/rejects b, then C accepts/rejects b for every C C B in 7i. 

Claim 1. If B ETC accepts b\J {s} for all s E B — b, then B accepts b. 

Proof. Assume that B accepts b U {s} for all s E B — b. Supposing towards a 
contradiction that B does not accept b, there exists (c, C) < (b,B — b) such that 

(30) (c,C) \\-^p. 

By extending (c, C) if necessary, we can assume that b is a proper initial segment 
of c. Then there is an s E B — b with b U {s} Q c. However, by assumption, 
(bU{s},B-{s}) \\- co. contradicting ([30]) because (c. (?) < (6U{s}, B-{s}). □ 

Claim 2. There is a B E_ A in 7i which decides aU b for every finite partial 
function b C B. 

Proof. Using (|2"5j). construct a descending sequence A D B 3 -Bi 3 ■ ■ • of 
members of 7i such that 

(31) B n decides a U b for all partial functions b C A with b < n, 

for all n. Let B C Bq in Ti diagonalize (B n : n £ N). Then _B decides a by (|29[) 
and dSID with n = 0. Take 7^ 6 C B in ¥(F). Then B - (aU b) = B - "b C B~ b 
and thus by (|3ip. B decides a U b. □ 



Letting i? be as in claim [21 in particular, B decides a, and thus we need only 
concern ourselves when B rejects a, in which case we make the following claim. 

Claim 3. There is a C C B in Ti which rejects a U b for every finite partial 
function b C C . 

Proof. Using claims Q] and [21 we can construct a descending sequence B3Co2 
C\ D ■ ■ ■ in H so that 

(32) C n rejects aUbU{s} for all s E C n - b, 

for all b C B in F(F) with b < n where B rejects a(J b. 

Let C C C in 7i diagonalize the sequence. It follows by induction that C rejects 
a U b for all b C C in F(F), because if b C C, s e C - (a U b) = C - b C C s 
(where C_i = Co) and C rejects aU6, then since B decides aUb, B rejects aUb 
by (HU), and thus C rejects a U b U {s} by ([321). n 

Now if there were some (b, D) < (a, C) forcing c/?, then since b \ a C C, this 
would contradict that C rejects 6. Thus (a, C) ||- ~^ip. D 

Lemma 21. Let if (x) be a formula in the forcing language of Q. Then for every 
(a, A) E Q, there exists B C A in TL such that (a U b, B — b) decides tp(a U b) for 
every finite partial function b C B. 
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Proof. Using lemma [201 choose a descending sequence A D Bq 2> B\ ~D ■ ■ ■ in H 
such that 

(33) (a U b, B n ) decides ip(a U 6) for all b C A in F(F) with 6 < n. 

If i? C Bq in 7i diagonalizes (B n : n € H), then 5 satisfies the conclusion of the 
lemma. □ 



6 Shades 

One of the basic notions in Sperner theory is the shade (also called upper 
shadow) of a set or a family of sets (see e.g. And02 ,|Eng97 ). For a subset 
a: of a fixed set S, the shade of x is 

(34) V{x) ={yQS:xCy and |y| = \x\ + 1}, 
and the shade of a family X of subsets of S is 

(35) V(X) = (J V(x). 

Recall that the m-shade (also called upper m-shadow or shade at the m th level) 
of a; is 

(36) V^ m (x) = {y C 5 : x C y and |y| = m}, 

and V_> m (X) = {J xeX V— > m (a;). We follow the Sperner theoretic conventions of 

writing [m, n] for the set {to, to+ 1, . . . , n} and [n] for the set [1, n] = {1, . . . , n}. 

We introduce the following notation for colouring sets with two colours. For 

a set S, let (,^\) denote the collection of all colourings c : S — > {0, 1} with 

|c _1 (0)| = to, i.e. c _1 (0) = {j e 5 : c(j) = 0}. This is related to shades, 
because for all c £ (,^\) and all x C 5, 

(37) a; is homogeneous for c 

iff c-^O) G V^ m (cc) or c-^l) e V^| S |_ m (x). 

When a nonhomogeneous colouring is desired, it is most efficient to use 
colorings in (, ,) for |5| = 2m. Equation (f37|) immediately gives us: 



2to 
eel' J I : 3x E X x is homogeneous for c 



Lemma 22. Suppose X is a family of subsets of[2m\. Then 

<2\V^ m (X)\ 
(the shades are with respect to S = [2m]). 
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6.1 Upper bounds 

Recall that a family A of sets is t-intersecting if \E n F\ > t for all E, F € A; 
and a pair (A, B) of families of subsets of some fixed set are cross-t-intersecting 
if 

(38) \E n F\ > t for all E £ A, F e B. 

Thus A is t-intersecting iff (A, A) is cross-t-intersecting. 

We use the standard notation ( fe ) to denote the collection of all fc-subsets 
of S, and hence ('^ ) denotes the collection of all subsets of [n] of cardinality k. 
Let I(n,k,t) denote the family of all t-intersecting subfamilies of ('^) (where 
t < k < n). Define the function 

(39) M(n,k,t)= max |„4|. 

The investigation into the function M and the structure of the maximal families 
was initiated by Erdos-Ko-Rado in 1938, but not published until [EKR61J. In 
this paper, they gave a complete solution for the case t = 1, and posed what 
became one of most famous open problems in this area. The following so called 
4m- conjecture for the case t = 2: 

(40) M(4m,2m,2) = i(Q^ /2m " ' 

We briefly explain the significance of the right hand side expression. Define 
families 

(41) Fi(n,k,t)= JFe (y) :|Fn[t + 2»]|>t + t| for < i < ^1 

Clearly each !F%(n, fc,t) is t-intersecting. It is not hard to compute that the 
cardinality of T m ~\(Am, 2m, 2) is equal to the right hand side of equation (|40|) . 
Indeed, the 4m-conjecture was generalized by Frankl in 1978 ( Fra78 ) as follows: 
For all 1 < t < k < n, 

(42) M(n,k,t)= max |^(re, k,t)\. 

In 1995, the general conjecture was proven true by Ahlswede-Khachatrian in 
|AK97j . 

Since we are interesting in applying lemma [22l we define for 1 < t < k < 
m < n, 

(43) Mo(n,m,k,t)= max |V_» m (.A)|, 

A£l(n,k,t) 

i.e. Mo(n, m, fc, i) is the maximum size of the m-shade of a t-intersecting family 
of fc-subsets of [n] . We have that 

(44) M (n,m,k,t)<M(n,m,i), 
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but this is not optimal. In [Hir08a| . we argued that the following conjecture 
should be true. 

Conjecture 1. Mo(n,m, k,t) = max \Ti(n,m,t)\. 

0<i<min(fc-t,i^i) 

We then deduced from conjecture Q] that whenever k and t are functions of m 
satisfying fc(m) = o(rn), i.e. lim m _ >00 k(m) / m = 0, lim m _Kx) fc(m) = oo and 
limm^oo i(m) / \A(m) = oo, 

M (2m,m,fe(m),t(m)) 

(45) hm -J— = 0. 

\ m ) 

6.2 Cross- t-intersecting families 

It turns out that for out application we need upper bounds on the size of shades 
of cross-t-intersecting families (cf. equation ([55)) ). Let C(n,k,l,t) be the col- 
lection of all pairs (A,B) of cross-t-intersecting families, where A C (™) and 
B Q ( i ; )• Then the cross-t-intersecting function corresponding to M is defined 

by 

(46) N(n,k,l,t)= max U| • LSI. 

(AB)6C(n,ft,I,t) 

There are a number of results on cross-i-intersecting families in the literature; 
however, the state of knowledge seems very meager compared with ^-intersecting 
families. The following theorem, proved in [MT89J , is the strongest result of its 
kind that we were able to find. 

Theorem 3 (Matsumoto-Tokushige, 1989). N(n,k,l,l) = (£lj) (?.Ti) when- 
ever 2k, 2/ < n. 

Generalizing Mq, we define the maximum size No(n,mk, mi, k, I, t) of the 
product of the m^-shade with the mz-shade of a pair of cross-i-intersecting 
families of fc-subsets and Z-subsets of [n], respectively: 

(47) N (n,m k ,mi,k,l,t)= max |V_» mfc (.A)| • |V_» m ,(B)|. 

(A,B)eC(n,k,l,t) 

For purposes of our dichotomy, we are exclusively interested in the numbers 
-/Vo(2m, m, m, k, k, t). Thus we define 

(48) Ni(n, m, k, t) = No(n, m, m, k, k, t). 

In |Hir08aj . we justify a conjecture for the value of No(n,mk,Tni,k,l,t), 
corresponding to conjecture [T] We then consider the asymptotic formula for 
cross intersecting pairs, corresponding to equation (|45[) : 

Conjecture 2. Assume k(m) = o(m) and linim^oo k(m) = oo. Suppose that 

limjn^oo *| m) = oo. Then 
V k ( m ) 



y/Njpm, m,k{m),t{m)) _ 
{ yj ^ ( 2m ) ~ 

\ rn I 
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7 The theorem 

The main result of this paper is the following. 

Theorem 4. Assume conjecture^is true. Let A C T(/) be a weakly distributive 
analytic family of infinitely branching trees satisfying the ccc that has locally 
bounded branching decay for x <1 . Then there exists a colouring c : f <N — > {0, 1} 
and a T £ A such that S(n) is nonhomogeneous for c for all but finitely many 
n, for all S £ At- 

Proof. Let A be as hypothesized. Find T" € A such that 

(50) h T , < n h s for all S £ A T > 

(cf. equation ([To]) ), where H — {x a : < a < 1}. By lemma [5] we may assume 
that there exists T C T in A with [J. f {[T]) = 0. Then setting k(n) := h T (n), 
we have 

(51) \S(n)\<k(n) for all n, for all S € A T , 

(52) lim fc( " ) = 0. 

Furthermore, by lemma [T2l proposition [T3] and equation (|50p . /ij 1 ^h ^S f° r au 
5 £ At, and thus by proposition [TTJ we have 

(53) liminf ^$- = oo for all S £ A T , for all < a < 1. 

^ ^ n^co fc(n) tt 

Finally, we notice that by increasing the function / if necessary, we may assume 
that /(0) is even. 

Now we are ready to specify the parameters for the coideal. Define m £ N N 

by 

(54) m(n) = QSM , 

which makes sense, taking the empty product as zero, since /(0) is even. The 
function F on N is given by 

(55) F(n)=(f m( "[) for all n, 

V[m(n)jy 

where the "2m(n)" is identified with the set 

n-l 

(56) l[{Q,...,f(i)-l} 

of cardinality 2m(n). Fix | < /3 < 1, and define g <G N N by 

(57) g(n) = 



y Ni(2m(n), m(n), k(n), k(n)P) 
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Note that by ([52]). k(n) = o(m(n)), linin^oo fc(n) = oo since T is infinitely 
branching and linin^oo k(n)@ / yjk{n) = lim n _ >0o k(n)P~z = oo. Therefore, con- 
jecture [2] applies, giving lim^^ j^fa = lim^oo V l 2m " '" ( " ' " ' — = 

0. Thus proposition [T9l applies. 

By going to a forcing extension, if necessary, we assume that there exists 
a selective nonprincipal ultrafilter U on N. Note that this existence follows 
from CH, or more generally if the covering number of the meager ideal is equal 
to the continuum. We are forcing with Q = Q(fi(U , F, g)) , and we claim that 
Q forces that for all S £ At, 

(58) S(n) is nonhomogeneous for c for all but finitely many n G D. 

This will complete the proof, because the existence of D and c as in the first 
alternative is a Y,\ statement, and thus Schoenfield's Absoluteness Theorem 
applies to give these two in the ground model. Once we have a colouring that is 
nonhomogeneous on some fixed infinite set, this trivially yields a colouring for 
which each S € At is nonhomogeneous for all but finitely many levels. 

Suppose towards a contradiction that this is false. Then there exists a Q- 
name S for a member of At and a condition (a, A) E Q forcing that 

(59) S'(e i j(n)) is homogeneous for c for infinitely many n. 

Before continuing, we give a very rough idea of how a contradiction comes 
about. The definition of H.(U,F,g) ensures that, in the limit as n — > U, the 
A(n)'s contain a large number of colourings of the tree of height n in equa- 
tion (|56|) . From this and (|59|) we argue (in claim [6]) that along some "path" 
p, where p \ n decides S(n — 1), the uncertainty in S(n) is large, i.e. the set 
R(p I" n) of all finite trees t such that some extension of (a, A) forces S(n) = t 
is large; more precisely, we argue that the m-shade of R{p \ n) is large. This 
entails that along two different paths p =/= q, the product of the cardinalities of 
the pair (R(p \ n),R(q \ n)) will be too large to be i(n)-intersecting for a suit- 
ably large t(n). This in turn will entail that the two interpretations of S along 
the paths p and q will have an intersection whose branching is too low to be a 
member of A. Hence, from uncountably many paths we obtain an uncountable 
antichain. 

Note that (b, B) decides e^(|6| — 1) = b and not e^d&l). 

Claim 4. The set of all conditions (b,B) £ Q forcing that S(e^(\b\)) is homo- 
geneous for c is dense below (a, A). 

Proof. Fix (ai, Al) < (a, A). By lemma I2T1 there is a B C A\ in Ti such that 
(ai U 6, B — b) decides whether or not 5(e^(|ai U b\)) is homogeneous for c for 
every finite partial function b C B. And by (|59|) . there exists (b, C) < (ai,B) 
and n > |oi| such that (6, C) forces S(e^(n)) is homogeneous for c. By going 
to an extension of (b,C), we can assume that |6| > n. Then letting d C i 
be the initial segment of length n, (d,B — d) decides whether S(ej)(\d\)) is 
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homogeneous for c because d \ a\ C B and a\ C d as |ai| < n. However, as 
(&>C) < (d,B — d), it must decide this positively. Since (d, B — d) < (ai,j4i), 
the proof is complete. D 

Let M -< H/ 2 ^o)+ be a countable elementary submodel containing /, T, 11 
and S. Let M be its transitive collapse, and let T> n (n G N) enumerate all of the 
dense subsets of Q M = Q H M in M. We construct a subtree U of (F(F), Q, 
conditions (b u , B u ) (u G U) in Q n M, i?(u) C / <N (u G 17) and n t eN(ieN) 
by recursion on \u\ so that 

(i) (h,Bu)<(a,A), 

(ii) n i e n|„| =J dom(B u ), 

(hi) B u (rii) > 2g(rii) for all \u\ = i, 

(iv) u Q V implies (b u ,B u ) < (b v ,B v ), 

(v) (b u ,B u ) G D|„|, 

(vi) (b u ,B u ) forces that 5(e^,(|6 u |)) is homogeneous for c, 

(vii) U(i + 1) = {u^s : u £ U(i), s = (rii,x), x G S„(nj)}, 

(viii) bu~ " s Q b u ~ s for all u^s G t/(j + 1), 

(be) (6«" S ,-B U „ S ) ||- S(n,) = R(u~s) for all |u| = i. 

It is possible to satisfy (JTxJ) and (|m)) by the definition of Ti(U,F,g), using the 
fact that U is a filter. Claim [4] is used for (|vT|) . 

Claim 5. R(u~(rii,x)) is homogeneous for x, for all u~(rii,x) G U(i + 1). 

Proo/. Set s = (m,x). Since (b u ^s,B u ) \\- e^(\b u \) = n*, (^ s ,-6, rs ) ||- S(nj) 
is homogeneous for c by ijyi]) and (jviiip . And since (b u ^s, B u ) |j- c(rii) — x, the 
claim follows from (J5J. D 

Claim 6. For a// w G U(i), 

(60) |V^ m(ni ){i?(w) : t> G imsucc(u)}| > y iVi(2m(n^),m(nj), fc(ni), fc(n i )' 3 ). 

Proof. By lemma [22l the number of colourings in (, ") Ai) for which some -R(v) 
is homogeneous is at most 

(61) 2|V^ m( „.){i?(w) : t> G imsucc(w)}|. 

Suppose towards a contradiction that the value in (|6"Tj) is smaller than B a (m). 
Then there exists x G B u (rii) for which no member of {R(v) : u G imsucc('u)} 
is homogeneous. Thus, putting s = (rii,x), R(u^s) is nonhomogeneous for x, 
contradicting claim [5] Therefore, by (fm|) . the value in ([61]) is as big as 



(62) B u (m) > 2^N^2rn(ni), mfa), k( ni ),k{ni)0) 



n 
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Define a map G on N where G{i) is the set of all functions from {0, l} 1 into 



(63) 


1 | imsucc(u) 
ueu(t) 


for each i. Denote the space 




(64) 


oo 

R(G) = l[G(i) 

i=0 



and endow it with its product topology. Now let c £ R(G) be a Cohen real over 
the ground model, and set d := Ui^o C W' nence > the domain of d is {0, 1} <N and 
d{s) = c(|s|)(s) £ n«eu(|s|) i m succ(w) for all s £ {0, 1} <N . In the Cohen exten- 
sion, we define a mapping $ : {0, 1} N — ► T(/) as follows. For each z £ {0, 1} N , 
define by recursion on i, bo(z) = and 

(65) b l+1 (z) = bi{z)~d{z \ *)(&.•(*)) £ U{i + 1). 

Thus for every z £ {0, 1} N , USo ^( z ) i s a branch through U. Then let 

oo 

(66) $(z) = \jR(bi(z)). 

i=0 

Let C be the poset directly giving the Cohen real c, i.e. each condition of C 
is an element of YYi=o *-*(*) f° r some n £ N. 
Claim 7. The range of $ is a subset of At- 

Proof. Fix z £ {0,1} N , and set x := U£o &«(-*)• % fcj)> i b ^ z ) : « e N} is 
Q^-generic over M. Thus, in M[{bi(z) : i £ N}] = M[x], <S[a;] = ®(z) by (©, 
where S[x] denotes the generic interpretation of S. Hence M[x] \= &(z) £ At- 
By analytic absoluteness between the transitive models M[x] and V[c], V[c] \= 
$(z) £ At- □ 

Claim 8. Let y and z be distinct reals from the ground model. Then $(y) and 
<£>(z) are incompatible in (A, C). 

Proof. Fix y ^ z in {0, 1} N from the ground model. Suppose towards a contra- 
diction that $(y) and Q(z) are compatible. Then since there must be a member 
of At contained in $(y)r\$>(z), by equation (|53|) . there some integer j such that 

(67) \($(y)r\$(z))(m)\ > k{ ni f foralH>j. 

Let r £ C be a condition forcing (|67p . By increasing j if necessary, we assume 
that 

(68) y\j^z\j. 
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By extending r if necessary, we assume that \r\ > j. Set i = \r\. By claim [SJ 

(69) \V^ m (m){R(u) ■ u G imsucc(&i(2/))}| 

• |V^ m(ni ){i?(w) : v G imsucc(6i(z))}| 

> N 1 (2m(n i ),m(n l ),k(n i ),k(n i ) 13 ). 

Hence ({R(u) : u G imsucc(&i(y))}, {-R(u) : u G imsucc(6j (;?))}) cannot be a 
cross-fc(rii)' 3 -intersecting pair. This means that there are u G imsucc(6j(j/)) and 
u G imsucc(fei(z)) such that 

(70) \R(u)r\R(v)\ <k(nif. 

By (1681) . we can define an extension tq — r^g of r, where g G G(i), so that 

(71) h{yTg{y \ i)(h(y)) = u and b t {z)~g(z \ i)(h{z)) = v. 

However, ro ||- ($>(y)r\$>(z))(rii) — R(u)DR(v) which by (|70|) is in contradiction 
with dHZJ). D 

Claims [7] and [8] entail that, in the Cohen extension, the image under $ of the 
ground model reals is an antichain of (A, C) of size continuum. By absoluteness, 
this implies the existence of an uncountable antichain of {A., C) in the ground 
model, concluding the paper. □ 
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